Abstract. We present a method of integration along the lines of the HenstockKurzweil integral. All L r -derivatives are integrable in this method.
= o(h).
The proofs for the other r-Dini derivates and for (2.6) follow similarly. 
Points of L r -continuity are, of course, Lebesgue points of f. is called the P r -integral of f on [a, b] . If the P r -integral exists we write f ∈ P r [a, b] .
Theorem 4 ([3]). For 1 ≤ r < ∞, the P r -integral integrates all L rderivatives.
Remark 1 ( [3] ). There exist functions which are P r -integrable but not Perron integrable.
3. The HK r -integral. We recall some elementary notions from the theory of the HK-integral. Our notation in the main follows that of [4] . A gauge function is a strictly positive function on [a, b] 
. If P is a finite collection of non-overlapping tagged intervals, each of which is subordinate to δ, then P is said to be subordinate to δ, and we write P ≺ δ.
so that for any ε > 0 there exists a gauge function δ so that for all finite col-
If (3.1) implies (3.2) we say that δ is HK r -appropriate for ε and f. We also say that F is an HK r -integral of f. We want to say that F in the definition above is the HK r -integral of f. To do so we need to show that (3.2) determines F up to an additive constant.
If F 1 and F 2 are two L r functions which satisfy (3.2) and
We will show that any function, F, which satisfies (3.2) is L r -continuous, and therefore approximately continuous, so that the following theorem proves the uniqueness, up to an additive constant, of F in (3.2). 
The proof of the theorem will require some intermediate results.
We begin by recalling the definition of approximate continuity.
An application of Chebyshev's inequality and Theorem 14.5 of [4] prove:
We will make use of the well-known fact that approximately continuous functions on an interval have the Darboux property. See for example Theorem 14.9 in [4] .
Proof. Let ε > 0 and x ∈ [a, b] be given. Let δ be a gauge function which is HK r -appropriate for ε and f and so that |f (x)|δ(x) < ε. Then
The essence of the assertion (3.3) is an estimate of the average deviation of a function by the measure of its range. We therefore want to relate
, at least one of [u, v] ) and (v, [u, v] ) are tagged intervals subordinate to δ. In other words,
We denote by D = D(δ) the collection of all doubly subordinate intervals.
There exist gauge functions for which we cannot find doubly subordinate partitions of the interval. For example take any gauge on [0, 1] so that for all x = 1/2 we have δ(x) < |x−1/2|. Any partition which is subordinate to such a gauge can have only x = 1/2 as the tag for the interval which contains 1/2 and so this interval cannot be doubly subordinate to δ. However, the following theorem proves that for any δ, the difficulty is confined to a countable set of points. 
Then for nearly every x ∈ [a, b], R x,n and L x,n are uncountable for all n.
Thus y − δ(y) < x 0 , contradicting the claim that #R x 0 ,N ≤ ℵ 0 . The same proof shows that for n.e.
We can now prove Theorem 5.
Proof of Theorem 5. It suffices to prove the theorem for r = 1. We can assume that F (a) = 0 and F (b) = 1. Since F is approximately continuous, it has the Darboux property, so that
For nearly every x ∈ [a, b] there exist z n x so that for each n we have
We are going to divide E into two sets. In one we will have all points, x, so that F (y) = F (x) for all y in an open interval to the right of x. The second set will consist of all other points in E. Let
] ∈ D we are free to choose for the interval [x, z n (x)] a tag, x n , which is either x or z n (x), so that (3.4) applies and
Now consider x ∈ B. In this case we may fail to find z n (x)
x such that both [x, z n (x)] ∈ D and F (z n (x)) = F (x). We therefore need a different argument.
Since x ∈ B, there exists a sequence {t n (x)} with t 1 (x) < x + δ(x) and t n (x)
x so that F (x) = F (t n (x)). We claim that for each n we can find ξ n (x) so that x < ξ n (x) < t n (x) and
If for some h > 0 and for all ξ ∈ (x, x + h), we had
, then differentiating with respect to ξ, we would have F (ξ) = F (x) at almost every ξ ∈ (x, x + h), and by the approximate continuity of F, F (ξ) = F (x) for all ξ ∈ (x, x + h). But x ∈ E, so that F −1 (F (x)) does not contain an interval, a contradiction. Thus there exists a sequence {ξ n (x)} so that ξ n (x)
x and (3.7) holds. Since ξ n (x)
x, we can also assume x < ξ n (x) < t n (x). Let us see that there exists η n (x) = η n (x, ξ n (x)) so that x < η n (x) < ξ n (x) and
Since F cannot be a constant in (x, ξ n (x)), the interval ( inf
is not empty. The average
but if it is an endpoint of (3.10) then F is a constant a.e. in (x, ξ n (x)) and by the approximate continuity of F, everywhere in (x, ξ n (x)), which is ruled out. Thus the average is in (3.9) and since F has the Darboux property, it assumes every value in (3.9) and there exists η n (x) with x < η n (x) < ξ n (x) so that (3.8) holds. We therefore have
We have at this point associated with each x ∈ B a sequence of intervals, {[x, ξ n (x)]}, converging to x, and a sequence of intervals on the vertical axis,
}, so that the average deviations of the function on the horizontal intervals are bounded from below by the lengths of the corresponding intervals on the vertical axis. Similarly, by (3.6), we have associated with each x ∈ A a sequence of intervals, {[x, z n (x)]}, converging to x, and a sequence of intervals on the vertical axis,
}, so that the average deviations of the function on the horizontal intervals are bounded from below by half the lengths of the corresponding intervals on the vertical axis.
For
Using a selection process related to the Vitali Covering Lemma, we make an effective selection from the vertical intervals, which in turn makes certain that the average deviation of the function on the horizontal intervals is large.
Define
Since every y ∈ F (E) is an endpoint of an interval in
Define also
Observe that from the definition of E (see (3.5)),
then applying the argument which we used for the interval [a, b] to the interval [a, u 1 ] (observe that this includes the application of the Darboux property of F on [a,
There exists n 1,1 so that
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Consider u 1 ∈ A. The existence of c implies max
We proceed inductively, and as in the proof of the Vitali Lemma we get a sequence of disjoint intervals,
There exists N so that
For all x ∈ E we set
] ≺≺ δ so that we are free to choose x m = u m or x m = z n m (u m ). By (3.4) we can choose the tag so that
Having shown that for 1 ≤ r < ∞ the indefinite HK r -integral of f is defined up to an additive constant, we can define
with F as in (3.2) .
It is easy to
Let us see that the HK r -integral generalizes the HK-integral.
then for all such P we also have
Proof. Consider
For each j the integrand is a continuous function of y so that in each interval
Assume that f and g are two real-valued functions, f = g almost everywhere, and f ∈ HKI r [a, b] . Let us write g = f + h so that h = 0 almost everywhere. This implies that h is Lebesgue integrable and h = 0. Therefore h ∈ HKI [a, b] 
We therefore define the HK r -integral for functions that are defined only almost everywhere on [a, b] : given f which is defined on [a, b] \ Z where λ(Z) = 0 we define
It is also easy to
We next consider convergence theorems for the HK r -integral. 
Proof. Given ε > 0 we choose n so that both sup x∈ [a,b] |f n (x) − f (x)| < ε and sup
Let δ be an HK r -appropriate gauge for ε and f n and let Proof. Let ε > 0 be given and let N be such that if m, n > N then for all x ∈ [a, b] we have |f n (x) − f m (x)| < ε. Let δ be an HK r -appropriate gauge function for ε and for all f n , and let 
The claim F (x) = (HK r ) L r -derivative of F, F r , is equal to f a.e. on [a, b] .
Proof. If either F r (x) does not exist or else it exists but is not equal to f (x) then
Suppose that the set of points where (3.12) holds has positive exterior measure. Then there exists η > 0 so that
satisfies λ e (A η ) > 0. Thus for each x ∈ A η there exist arbitrarily small h so that 1 2h
Let 0 < α < λ e (A η ). Since F is the HK r -integral of f, there exists a gauge function δ so that if
, (3.13) holds} is a Vitali cover of A η . Thus we can find a disjoint subcollection
Let us see that the HK r -integral integrates all L r -derivatives. We do that by showing that it integrates all P r -integrable functions.
Proof. Let f ∈ P r [a, b] . We can assume that f is finite-valued. Given ε > 0 there exist an L r -major function, Ψ, and an L r -minor function, Φ,
We have already mentioned that Ψ − Φ is a non-decreasing function. It follows that H and J are non-decreasing functions as well. Indeed, let a ≤
and H . The proof that J is the same. We define the gauge function. For x outside a countable set, Z = {z k }, there exists δ(x) > 0 so that if 0 < h < δ(x) we have the following four inequalities:
On Z we define δ(z k ) > 0 to be such that both
The last condition is possible since Ψ and Φ are L r -continuous everywhere.
Consider each one of the last three terms:
The second term:
The last term:
Therefore
Consider (
) with x i ∈ Z:
Consider first
Using the L r -major and L r -minor functions, we obtain
We consider each one of the last four terms. By (3.15),
we have
By (3.17),
The estimate of
follows in the same manner and we have
HK r -absolute continuity.
We present a concept of absolute continuity which characterizes indefinite HK r -integrals. We write
Definition 11. Let 1 ≤ r < ∞. We say that F ∈ AC r (E) if for all ε > 0 there exist η > 0 and a gauge function δ(x) defined on E so that for
Proof. If f ∈ HKI r [a, b] then there exists an F so that F r = f a.e. and for any ε > 0 there exists a gauge function, δ, HK r -appropriate for ε and f. Define
is HK r -appropriate for ε and f, and P n ≺ δ, we have
Thus F ∈ AC r (E n ) for all n. Conversely, suppose that there exists F ∈ ACG r [a, b] and F r = f a.e. and show that F is the HK r -integral of f. Let
Let ε > 0 be given. By Lemma 9.15 of [4] there exists δ 0 so that if
For each n define δ n on E n and η n so that
Each E n is a set of measure 0. We therefore choose open sets O n so that
We denote the space of absolutely continuous functions on [a, b] by AC [a, b] . 
Thus for any choice of
Observe that this holds for any gauge function δ. 
Let {[c n , d n ]} be any finite collection of non-overlapping intervals so that
The function F is L 1 -continuous and so certainly approximately continuous. By Theorem 5 there exist
Since P := q n=1 P n is subordinate to δ, we have
Definition 13 ( [6] ). We say that F is absolutely continuous on E, and write F ∈ AC(E), if for all ε > 0 there exists η > 0 so that for all finite collections of non-overlapping intervals [a j , b j ] such that a j , b j ∈ E and
Note that if E is a finite set then all functions are absolutely continuous on E.
Proof. Since F ∈ AC 1 (E), for each ε > 0 there exists η > 0 and a gauge function δ on E so that
Let q n be a sufficiently large integer so that
But since t n,j,i − s n,j,i < min{δ(s n,j,i ), δ(t n,j,i )} we can consider the intervals [s n,j,i , t n,j,i ] as tagged intervals with tags at s n,j,i or at t n,j,i . Thus
and similarly
Thus F ∈ AC(S n ∩ [y n,j , y n,j+1 ]) and
Proof. We have shown that if
and that this implies that we can find E n so that [a, b] = ∞ n=1 E n and F ∈ AC(E n ) and so satisfies Lusin's condition N on each
The HK r -integral of a non-negative function is non-decreasing.
Definition 14. We denote by D(A) the set of points of density of A.
Definition 15 ([4, p. 249]). The lower approximate derivate of F at a point, x 0 , is defined by
Proof. The theorem follows from Lemma 4 and Remark 1 of [3] .
Definition 16. A function, F, is approximately differentiable at x 0 if there exists a number, A, so that the function is approximately continuous at x 0 . We then say that A is the approximate derivative of F at x 0 and denote it by D app F (x 0 ).
It is easy to see that if F is approximately differentiable at
Clearly A is the L r -derivative of F at x 0 iff the function G is L rcontinuous at x 0 . By Theorem 6, if F is L r -differentiable at x 0 , then G is approximately continuous at x 0 , which proves that F is approximately differentiable at x 0 and the approximate and L r -derivatives are equal.
Proof. We have shown that F r = f a.e. and so D app F = f ≥ 0 a.e. The complement, E , of {D app F ≥ 0} is a set of measure 0 and since we have shown that F satisfies condition N we see that F (E ) is a set of measure 0 and so contains no intervals. Finally, since F is approximately continuous, We have shown that F . By Lebesgue's theorem F is differentiable a.e. and F ∈ L 1 [a, b] . By Theorem 12, f is the L r -derivative of F a.e. We saw that f is therefore also the approximate derivative of F. The approximate and the usual derivatives are clearly consistent so that f = F ∈ L 1 [a, b].
The next two theorems show that if f ∈ HKI r [a, b] then we can choose a measurable gauge function which is HK r -appropriate for ε and f. 
